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First published in 1957, this is a classic monograph in the area of applied mathematics. It offers
a connected account of the mathematical theory of wave motion in a liquid with a free surface
and subjected to gravitational and other forces, together with applications to a wide variety of
concrete physical problems. A never-surpassed text, it remains of permanent value to a wide
range of scientists and engineers concerned with problems in fluid mechanics.The four-part
treatment begins with a presentation of the derivation of the basic hydrodynamic theory for non-
viscous incompressible fluids and a description of the two principal approximate theories that
form the basis for the rest of the book. The second section centers on the approximate theory
that results from small-amplitude wave motions. A consideration of problems involving waves in
shallow water follows, and the text concludes with a selection of problems solved in terms of the
exact theory. Despite the diversity of its topics, this text offers a unified, readable, and largely
self-contained treatment. 
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IntroductionThe purpose of this book is to present a connected account of the mathematical
theory of wave motion in liquids with a free surface and subjected to gravitational and other
forces, together with applications to a wide variety of concrete physical problems.Surface wave
problems have interested a considerable number of mathematicians beginning apparently with
Lagrange, and continuing with Cauchy and Poisson in France.* Later the British school of
mathematical physicists gave the problems a good deal of attention, and notable contributions
were made by Airy, Stokes, Kelvin, Rayleigh, and Lamb, to mention only some of the better
known. In the latter part of the nineteenth century the French once more took up the subject
vigorously, and the work done by St. Venant and Boussinesq in this field has had a lasting effect:
to this day the French have remained active and successful in the field, and particularly in that
part of it which might be called mathematical hydraulics. Later, Poincaré made outstanding
contributions particularly with regard to figures of equilibrium of rotating and gravitating liquids (a
subject which will not be discussed in this book); in this same field notable contributions were
made even earlier by Liapounoff. One of the most outstanding accomplishments in the field from
the purely mathematical point of view — the proof of the existence of progressing waves of finite
amplitude — was made by Nekrassov [N.1], [N.1a]† in 1921 and independently by a different
means by Levi-Civita [L.7] in 1925.The literature concerning surface waves in water is very
extensive. In addition to a host of memoirs and papers in the scientific journals, there are a
number of books which deal with the subject at length. First and foremost, of course, is the book
of Lamb [L.3], almost a third of which is concerned with gravity wave problems. There are books
by Bouasse [B.15], Thorade [T.4], and Sverdrup [S.39] devoted exclusively to the subject. The
book by Thorade consists almost entirely of relatively brief reviews of the literature up to 1931 —
an indication of the extent and volume of the literature on the subject. The book by Sverdrup was
written with the special needs of oceanographers in mind. One of the main purposes of the
present book is to treat some of the more recent additions to our knowledge in the field of



surface wave problems. In fact, a large part of the book deals with problems the solutions of
which have been found during and since World War II; this material is not available in the books
just now mentioned.The subject of surface gravity waves has great variety whether regarded
from the point of view of the types of physical problems which occur, or from the point of view of
the mathematical ideas and methods needed to attack them. The physical problems range from
discussion of wave motion over sloping beaches to flood waves in rivers, the motion of ships in a
sea-way, free oscillations of enclosed bodies of water such as lakes and harbors, and the
propagation of frontal discontinuities in the atmosphere, to mention just a few. The mathematical
tools employed comprise just about the whole of the tools developed in the classical linear
mathematical physics concerned with partial differential equations, as well as a good part of
what has been learned about the nonlinear problems of mathematical physics. Thus potential
theory and the theory of the linear wave equation, together with such tools as conformal
mapping and complex variable methods in general, the Laplace and Fourier transform
techniques, methods employing a Green’s function, integral equations, etc. are used. The
nonlinear problems are of both elliptic and hyperbolic type.In spite of the diversity of the
material, the book is not a collection of disconnected topics, written for specialists, and lacking
unity and coherence. Instead, considerable pains have been taken to supply the fundamental
background in hydrodynamics — and also in some of the mathematics needed — and to plan
the book in order that it should be as much as possible a self-contained and readable whole.
Though the contents of the book are outlined in detail below, it has some point to indicate briefly
here its general plan. There are four main parts of the book:Part I, comprising Chapters 1 and 2,
presents the derivation of the basic hydrodynamic theory for non-viscous incompressible fluids,
and also describes the two principal approximate theories which form the basis upon which
most of the remainder of the book is built.Part II, made up of Chapters 3 to 9 inclusive, is based
on the approximate theory which results when the amplitude of the wave motions considered is
small. The result is a linear theory which from the mathematical point of view is a highly
interesting chapter in potential theory. On the physical side the problems treated include the
propagation of waves from storms at sea, waves on sloping beaches, diffraction of waves
around a breakwater, waves on a running stream, the motion of ships as floating rigid bodies in a
seaway. Although this theory was known to Lagrange, it is often referred to as the Cauchy-
Poisson theory, perhaps because these two mathematicians were the first to solve interesting
problems by using it.Part III, made up of Chapters 10 and 11, is concerned with problems
involving waves in shallow water. The approximate theory which results from assuming the water
to be shallow is not a linear theory, and wave motions with amplitudes which are not necessarily
small can be studied by its aid. The theory is often attributed to Stokes and Airy, but was really
known to Lagrange. If linearized by making the additional assumption that the wave amplitudes
are small, the theory becomes the same as that employed as the mathematical basis for the
theory of the tides in the oceans. In the lowest order of approximation the nonlinear shallow
water theory results in a system of hyperbolic partial differential equations, which in important



special cases can be treated in a most illuminating way with the aid of the method of
characteristics. The mathematical methods are treated in detail in Chapter 10. The physical
problems treated in Chapter 10 are quite varied; they include the propagation of unsteady waves
due to local disturbances into still water, the breaking of waves, the solitary wave, floating
breakwaters in shallow water. A lengthy section on the motions of frontal discontinuities in the
atmosphere is included also in Chapter 10. In Chapter 11, entitled Mathematical Hydraulics, the
shallow water theory is employed to study wave motions in rivers and other open channels
which, unlike the problems of the preceding chapter, are largely conditioned by the necessity to
consider resistances to the flow due to the rough sides and bottom of the channel. Steady flows,
and steady progressing waves, including the problem of roll waves in steep channels, are first
studied. This is followed by a treatment of numerical methods of solving problems concerning
flood-waves in rivers, with the object of making flood predictions through the use of modern high
speed digital computers. That such methods can be used to furnish accurate predictions has
been verified for a flood in a 400-mile stretch of the Ohio River, and for a flood coming down the
Ohio River and passing through its junction with the Mississippi River.Part IV, consisting of
Chapter 12, is concerned with problems solved in terms of the exact theory, in particular, with
the use of the exact nonlinear free surface conditions. A proof of the existence of periodic waves
of finite amplitude, following Levi-Civita in a general way, is included.The amount of
mathematical knowledge needed to read the book varies in different parts. For considerable
portions of Part II the elements of the theory of functions of a complex variable are assumed
known, together with some of the standard facts in potential theory. On the other hand Part III
requires much less in the way of specific knowledge, and, as was mentioned above, the basic
theory of the hyperbolic differential equations used there is developed in all detail in the hope
that this part would thus be made accessible to engineers, for example, who have an interest in
the mathematical treatment of problems concerning flows and wave motions in open channels.In
general, the author has made considerable efforts to try to achieve a reasonable balance
between the mathematics and the mechanics of the problems treated. Usually a discussion of
the physical factors and of the reasons for making simplified assumptions in each new type of
concrete problem precedes the precise formulation of the mathematical problems. On the other
hand, it is hoped that a clear distinction between physical assumptions and mathematical
deductions — so often shadowy and vague in the literature concerned with the mechanics of
continuous media — has always been maintained. Efforts also have been made to present
important portions of the book in such a way that they can be read to a large extent
independently of the rest of the book; this was done in some cases at the expense of a certain
amount of repetition, but it seemed to the author more reasonable to save the time and efforts of
the reader than to save paper. Thus the portion of Chapter 10 concerned with the dynamics of
the motion of fronts in meteorology is largely self-contained. The same is true of Chapter 11 on
mathematical hydraulics, and of Chapter 9 on the motion of ships.Originally this book had been
planned as a brief general introduction to the subject, but in the course of writing it many gaps



and inadequacies in the literature were noticed and some of them have been filled in; thus a fair
share of the material presented represents the result of researches carried out quite recently. A
few topics which are even rather speculative have been dealt with at some length (the theory of
the motion of fronts in dynamic meteorology, given in Chapter 10.12, for example); others (like
the theory of waves on sloping beaches) have been treated at some length as much because
the author had a special fondness for the material as for their intrinsic mathematical interest.
Thus the author has written a book which is rather personal in character, and which contains a
selection of material chosen, very often, simply because it interested him, and he has allowed
his predilections and tastes free rein. In addition, the book has a personal flavor from still another
point of view since a quite large proportion of the material presented is based on the work of
individual members of the Institute of Mathematical Sciences of New York University, and on
theses and reports written by students attending the Institute. No attempt at completeness in
citing the literature, even the more recent literature, was made by the author; on the other hand,
a glance at the Bibliography (which includes only works actually cited in the book) will indicate
that the recent literature has not by any means been neglected.In early youth by good luck the
author came upon the writings of scientists of the British school of the latter half of the
nineteenth century. The works of Tyndall, Huxley, and Darwin, in particular, made a lasting
impression on him. This could happen, of course, only because the books were written in an
understandable way and also in such a way as to create interest and enthusiasm: — but this was
one of the principal objects of this school of British scientists. Naturally it is easier to write books
on biological subjects for nonspecialists than it is to write them on subjects concerned with the
mathematical sciences — just because the time and effort needed to acquire a knowledge of
modern mathematical tools is very great. That the task is not entirely hopeless, however, is
indicated by John Tyndald’s book on sound, which should be regarded as a great classic of
scientific exposition. On the whole, the British school of popularizers of science wrote for people
presumed to have little or no foreknowledge of the subjects treated. Now-a-days there exists a
quite large potential audience for books on subjects requiring some knowledge of mathematics
and physics, since a large number of specialists of all kinds must have a basic training in these
disciplines. The author hopes that this book, which deals with so many phenomena of every day
occurrence in nature, might perhaps be found interesting, and understandable in some parts at
least, by readers who have some mathematical training but lack specific knowledge of
hydrodynamics.* For example, the introductory discussion of waves on sloping beaches in
Chapter 5, the purely geometrical discussion of the wave patterns created by moving ships in
Chapter 8, great parts of Chapters 10 and 11 on waves in shallow water and flood waves in
rivers, as well as the general discussion in Chapter 10 concerning the motion of fronts in the
atmosphere, are in this category.2. Outline of contentsIt has already been stated that this book is
planned as a coherent and unified whole in spite of the variety and diversity of its contents on
both the mathematical and the physical sides. The possibility of achieving such a purpose lies in
the fortunate fact that the material can be classified rather readily in terms of the types of



mathematical problems which occur, and this classification also leads to a reasonably
consistent ordering of the material with respect to the various types of physical problems. The
book is divided into four main parts.Part I begins with a brief, but it is hoped adequate,
development of the hydrodynamics of perfect incompressible fluids in irrotational flow without
viscosity, with emphasis on those aspects of the subject relevant to flows with a free surface.
Unfortunately, the basic general theory is unmanageable for the most part as a basis for the
solution of concrete problems because the nonlinear free surface conditions make for
insurmountable difficulties from the mathematical point of view. It is therefore necessary to make
restrictive assumptions which have the effect of yielding more tractable mathematical
formulations. Fortunately there are at least two possibilities in this respect which are not so
restrictive as to limit too drastically the physical interest, while at the same time they are such as
to lead to mathematical problems about which a great deal of knowledge is available.One of the
two approximate theories results from the assumption that the wave amplitudes are small, the
other from the assumption that it is the depth of the liquid which is small — in both cases, of
course, the relevant quantities are supposed small in relation to some other significant length,
such as a wave length, for example. Both of these approximate theories are derived as the
lowest order terms of formal developments with respect to an appropriate small dimensionless
parameter; by proceeding in this way, however, it can be seen how the approximations could be
carried out to include higher order terms. The remainder of the book is largely devoted to the
working out of consequences of these two theories, based on concrete physical problems: Part
II is based on the small amplitude theory, and Part III deals with applications of the shallow water
theory. In addition, there is a final chapter (Chapter 12) which makes up Part IV, in which a few
problems are solved in terms of the basic general theory and the nonlinear boundary conditions
are satisfied exactly; this includes a proof along lines due to Levi-Civita, of the existence, from
the rigorous mathematical point of view, of progressing waves of finite amplitude.Part II, which is
concerned with the first of the possibilities, might be called the linearized exact theory, since it
can be obtained from the basic exact theory simply by linearizing the free surface conditions on
the assumption that the wave motions studied constitute a small deviation from a constant flow
with a horizontal free surface. Since we deal only with irrotational flows, the result is a theory
based on the determination of a velocity potential in the space variables (containing the time as
a parameter, however) as a solution of the Laplace equation satisfying certain linear boundary
and initial conditions. This linear theory thus belongs, generally speaking, to potential
theory.There is such a variety of material to be treated in Part II, which comprises Chapters 3 to
9, that a further division of it into subdivisions is useful, as follows: 1) subdivision A, dealing with
wave motions that are simple harmonic oscillations in the time; 2) subdivision B, dealing with
unsteady, or transient, motions that arise from initial disturbances starting from rest; and 3)
subdivision C, dealing with waves created in various ways on a running stream, in contrast with
subdivisions A and B in which all motions are assumed to be small oscillations near the rest
position of equilibrium of the fluid.Subdivision A is made up of Chapters 3, 4, and 5. In Chapter 3



the basically important standing and progressing waves in liquids of uniform depth and infinite
lateral extent are treated; the important fact that these waves are subject to dispersion comes to
light, and the notion of group velocity thus arises. The problem of the uniqueness of the solutions
is considered — in fact, uniqueness questions are intentionally stressed throughout Part II
because they are interesting mathematically and because they have been neglected for the
most part until rather recently. It might seem strange that there could be any interesting
unresolved uniqueness questions left in potential theory at this late date; the reason for it is that
the boundary condition at a free surface is of the mixed type, i.e. it involves a linear combination
of the potential function and its normal derivative, and this combination is such as to lead to the
occurrence of non-trivial solutions of the homogeneous problems in cases which would in the
more conventional problems of potential theory possess only identically constant solutions. In
fact, it is this mixed boundary condition at a free surface which makes Part II a highly interesting
chapter in potential theory — quite apart from the interest of the problems on the physical side.
Chapter 4 goes on to treat certain simple harmonic forced oscillations, in contrast with the free
oscillations treated in Chapter 3. Chapter 5 is a long chapter which deals with simple harmonic
waves in cases in which the depth of the water is not constant. A large part of the chapter
concerns the propagation of progressing waves over a uniformly sloping beach; various
methods of treating the problem are explained — in part with the object of illustrating recently
developed techniques useful for solving boundary problems (both for harmonic functions and
functions satisfying the reduced wave equation) in which mixed boundary conditions occur.
Another problem treated (in Chapter 5.5) is the diffraction of waves around a vertical wedge.
This leads to a problem identical with the classical diffraction problem first solved by
Sommerfeld [S.12] for the special case of a rigid half-plane barrier. Here again the uniqueness
question comes to the fore, and, as in many of the problems of Part II, it involves consideration of
so-called radiation conditions at infinity. A uniqueness theorem is derived and also a new, and
quite simple and elementary, solution for Sommerfeld’s diffraction problem is given. It is a
curious fact that these gravity wave problems, the solutions of which are given in terms of
functions satisfying the Laplace equation, nevertheless require for the uniqueness of the
solutions that conditions at infinity of the radiation type, just as in the more familiar problems
based on the linear wave equation, be imposed; ordinarily in potential theory it is sufficient to
require only boundedness conditions at infinity to ensure uniqueness.In subdivision B of Part II,
comprised of Chapter 6, a variety of problems involving transient motions is treated. Here initial
conditions at the time t = 0 are imposed. The technique of the Fourier transform is explained and
used to obtain solutions in the form of integral representations. The important classical cases
(treated first by Cauchy and Poisson) of the circular waves due to disturbances at a point of the
free surface in an infinite ocean are studied in detail. For this purpose it is very useful to discuss
the integral representations by using an asymptotic approximation due to Kelvin (and, indeed,
developed by him for the purpose of discussing the solutions of just such surface wave
problems) and called the principle, or method, of stationary phase. These results then can be



interpreted in a striking way in terms of the notion of group velocity. Recently there have been
important applications of these results in oceanography: one of them concerns the type of waves
called tsunamis, which are destructive waves in the ocean caused by earthquakes, another
concerns the location of storms at sea by analyzing wave records on shore in the light of the
theory at present under discussion. The question of uniqueness of the transient solutions —
again a problem solved only recently — is treated in the final section of Chapter 6. An
opportunity is also afforded for a discussion of radiation conditions (for simple harmonic waves)
as limits as t → ∞ in appropriate problems concerning transients, in which boundedness
conditions at infinity suffice to ensure uniqueness.The final subdivision of Part II, subdivision C,
deals with small disturbances created in a stream flowing initially with uniform velocity and with a
horizontal free surface. Chapter 7 treats waves in streams having a uniform depth. Again, in the
case of steady motions, the question of appropriate conditions of the radiation type arises; the
matter is made especially interesting here because the circumstances with respect to radiation
conditions depend radically on the parameter U2/gh, with U and h the velocity and depth at
infinity, respectively. Thus if U2/gh > 1, no radiation conditions need be imposed, if U2/gh < 1
they are needed, while if U2/gh = 1 something quite exceptional occurs. These matters are
studied, and their physical interpretations are discussed in Chapter 7.3 and 7.4. In Chapter 8
Kelvin’s theory of ship waves for the idealized case of a ship regarded as a point disturbance
moving over the surface of the water is treated in considerable detail. The principle of stationary
phase leads to a beautiful and elegant treatment of the nature of ship waves that is purely
geometrical in character. The cases of curved as well as straight courses are considered, and
photographs of ship waves taken from airplanes are reproduced to indicate the good accord with
observations. Finally, in Chapter 9 a general theory (once more the result of quite recent
investigations) for the motion of ships, regarded as floating rigid bodies, is presented. In this
theory no restrictive assumptions — regarding, for example, the coupling (or lack of coupling, as
in an old theory due to Krylov [K.20] between the motion of the sea and the motion of the ship, or
between the various degrees of freedom of the ship — are made other than those needed to
linearize the problem. This means essentially that the ship must be regarded as a thin disk so
that it can slice its way through the water (or glide over the surface, perhaps) with a finite velocity
and still create waves which do not have large amplitudes; in addition, it is necessary to suppose
that the motion of the ship is a small oscillation relative to a motion of translation with uniform
velocity. The theory is obtained by making a formal development of all conditions of the
complete nonlinear boundary problem with respect to a parameter which is a thickness-length
ratio of the ship. The resulting theory contains the classical Michell-Havelock theory for the wave
resistance of a ship in terms of the shape of its hull as the simplest special case.We turn next to
Part III, which deals with applications of the approximate theory which results from the
assumption that it is the depth of the liquid which is small, rather than the amplitude of the
surface waves as in Part II. The theory, called here the shallow water theory, leads to a system of
nonlinear partial differential equations which are analogous to the differential equations for the



motion of compressible gases in certain cases. We proceed to outline the contents of Part III,
which is composed of two long chapters.In Chapter 10 the mathematical methods based on the
theory of characteristics are developed in detail since they furnish the basis for the discussion of
practically all problems in Part III; it is hoped that this preparatory discussion of the mathematical
tools will make Part III of the book accessible to engineers and others who have not had
advanced training in mathematical analysis and in the methods of mathematical physics. In
preparing this part of the book the author’s task was made relatively easy because of the
existence of the book by Courant and Friedrichs [C.9], which deals with gas dynamics; the
presentation of the basic theory given here is largely modeled on the presentation given in that
book. The concrete problems dealt with in Chapter 10 are quite varied in character, including the
propagation of disturbances into still water, conditions for the occurrence of a bore and a
hydraulic jump (phenomena analogous to the occurrence of shock waves in gas dynamics), the
motion resulting from the breaking of a dam, steady two dimensional motions at supercritical
velocity, and the breaking of waves in shallow water. The famous problem of the solitary wave is
discussed along the lines used recently by Friedrichs and Hyers [F.13] to prove rigorously the
existence of the solitary wave from the mathematical point of view; this problem requires
carrying the perturbation series which formulate the shallow water theory to terms of higher
order. The problem of the motion of frontal discontinuities in the atmosphere, which lead to the
development of cyclonic disturbances in middle latitudes, is given a formulation — on the basis
of hypotheses which simplify the physical situation — which brings it within the scope of a more
general “shallow water theory”. Admittedly (as has already been noted earlier) this theory is
somewhat speculative, but it is nevertheless believed to have potentialities for clarifying some of
the mysteries concerning the dynamical causes for the development and deepening of frontal
disturbances in the atmosphere, especially if modern high speed digital computing machines
are used as an aid in solving concrete problems numerically.Chapter 10 concludes with the
discussion of a few applications of the linearized version of the shallow water theory. Such a
linearization results from assuming that the amplitude of the waves is small. The most famous
application of this theory is to the tides in the oceans (and also in the atmosphere, for that
matter); strange though it seems at first sight, the oceans can be treated as shallow for this
phenomenon since the wave lengths of the motions are very long because of the large periods
of the disturbances caused by the moon and the sun. This theory, as applied to the tides, is dealt
with only very summarily, since an extended treatment is given by Lamb [L.3]. Instead, some
problems connected with the design of floating breakwaters in shallow water are discussed,
together with brief treatments of the oscillations in certain lakes (the lake at Geneva in
Switzerland, for example) called seiches, and oscillations in harbors.Finally, Part III concludes
with Chapter 11 on the subject of mathematical hydraulics, which is to be understood here as
referring to flows and wave motions in rivers and other open channels with rough sides. The
problems of this chapter are not essentially different, as far as mathematical formulations go,
from the problems treated in the preceding Chapter 10. They differ, however, on the physical



side because of the inclusion of a force which is just as important as gravity, namely a force of
resistance caused by the rough sides and bottom of the channels. This force is dealt with
empirically by adding a term to the equation expressing the law of conservation of momentum
that is proportional to the square of the velocity and with a coefficient depending on the
roughness and the so-called hydraulic radius of the channel. The differential equations remain of
the same type as those dealt with in Chapter 10, and the same underlying theory based on the
notion of the characteristics applies.Steady motions in inclined channels are first dealt with. In
particular, a method of solving the problem of the occurrence of roll waves in steep channels is
given; this is done by constructing a progressing wave by piecing together continuous solutions
through bores spaced at periodic intervals. This is followed by the solution of a problem of
steady motion which is typical for the propagation of a flood down a long river; in fact, data were
chosen in such a way as to approximate the case of a flood in the Ohio River. A treatment is next
given for a flood problem so formulated as to correspond approximately to the case of a flood
wave moving down the Ohio to its junction with the Mississippi, and with the result that
disturbances are propagated both upstream and downstream in the Mississippi and a
backwater effect is noticeable up the Ohio. In these problems it is necessary to solve the
differential equations numerically (in contrast with most of the problems treated in Chapter 10, in
which interesting explicit solutions could be given), and methods of doing so are explained in
detail. In fact, a part of the elements of numerical analysis as applied to solving hyperbolic partial
differential equations by the method of finite differences is developed. The results of a numerical
prediction of a flood over a stretch of 400 miles in the Ohio River as it actually exists are given.
The flood in question was the 1945 flood — one of the largest on record — and the predictions
made (starting with the initial state of the river and using the known flows into it from tributaries
and local drainage) by numerical integration on a high speed digital computer (the Univac)
check quite closely with the actually observed flood. Numerical predictions were also made for
the case of a flood (the 1947 flood in this case) coming down the Ohio and passing through its
junction with the Mississippi; the accuracy of the prediction was good. This is a case in which the
simplified methods of the civil engineers do not work well. These results, of course, have
important implications for the practical applications.Finally Part IV, made up of Chapter 12,
closes the book with a few solutions based on the exact nonlinear theory. One class of problems
is solved by assuming a solution in the form of power series in the time, which implies that initial
motions and motions for a short time only can be determined in general. Nevertheless, some
interesting cases can be dealt with, even rather easily, by using the so-called Lagrange
representation, rather than the Euler representation which is used otherwise throughout the
book. The problem of the breaking of a dam, and, more generally, problems of the collapse of
columns of a liquid resting on a rigid horizontal plane can be treated in this way. The book ends
with an exposition of the theory due to Levi- Civita concerning the problem of the existence of
progressing waves of finite amplitude in water of infinite depth which satisfy exactly the nonlinear
free surface conditions.* This list would be considerably extended (to include Euler, the



Bernoullis, and others) if hydrostatics were to be regarded as an essential part of our subject.†
Numbers in square brackets refer to the bibliography at the end of the book.*The book by
Rachel Carson [C.16] should be referred to here. This book is entirely nonmathematical, but it is
highly recommended for supplementary reading. Parts of it are particularly relevant to some of
the material in Chapter 6 of the present book.AcknowledgmentsWithout the support of the
Mathematics Branch and the Mechanics Branch of the Office of Naval Research this book would
not have been written. The author takes pleasure in acknowledging the help and encouragement
given to him by the ONR in general, and by Dr. Joachim Weyl, Dr. Arthur Grad, and Dr. Philip
Eisenberg in particular. Although she is no longer working in the ONR, it is nevertheless
appropriate at this place to express special thanks to Dean Mina Rees, who was head of the
Mathematics Branch when this book was begun.Among those who collaborated with the author
in the preparation of the manuscript, Dr. Andreas Troesch should be singled out for special
thanks. His careful and critical reading of the manuscript resulted in many improvements and the
uncovering and correction of errors and obscurities of all kinds. Another colleague, Professor E.
Isaacson, gave almost as freely of his time and attention, and also aided materially in revising
some of the more intricate portions of the book. To these fellow workers the author feels deeply
indebted.Miss Helen Samoraj typed the entire manuscript in a most efficient (and also good-
humored) way, and uncovered many slips and inconsistencies in the process.The drawings for
the book were made by Mrs. Beulah Marx and Miss Larkin Joyner. The index was prepared by
Dr. George Booth and Dr. Walter Littman with the assistance of Mrs. Halina Montvila.A
considerable part of the material in the present book is the result of researches carried out at the
Institute of Mathematical Sciences of New York University as part of its work under contracts
with the Office of Naval Research of the U.S. Department of Defense, and to a lesser extent
under a contract with the Ohio River Division of the Corps of Engineers of the U.S. Army. The
author wishes to express his thanks generally to the Institute; the cooperative and friendly spirit
of its members, and the stimulating atmosphere it has provided have resulted in the carrying out
of quite a large number of researches in the field of water waves. A good deal of these
researches and new results have come about through the efforts of Professors K. O. Friedrichs,
Fritz John, J. B. Keller, H. Lewy (of the University of California), and A. S. Peters, together with
their students or with visitors at the Institute.J. J. STOKERNew York, N.Y.January,
1957.ContentsPART IIntroductionAcknowledgments1. Basic Hydrodynamics1.1The laws of
conservation of momentum and mass1.2Helmholtz’s theorem1.3Potential flow and Bernoulli’s
law1.4Boundary conditions1.5Singularities of the velocity potential1.6Notions concerning
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IndexSubject IndexPART ICHAPTER 1Basic Hydrodynamics1.1.The laws of conservation of
momentum and massAs has been stated in the introduction, we deal exclusively in this book
with flows in water (and air) which are of such a nature as to make it unnecessary to take into
account the effects of viscosity and compressibility. As a consequence of the neglect of internal
friction, or in other words of neglect of shear stresses, it is well known that the stress system* in
the liquid is a state of uniform compression at each point. The intensity of the compressive
stress is called the pressure p.The equation of motion of a fluid particle can then be obtained on
the basis of Newton’s law of conservation of momentum, as follows. A small rectangular element
of the fluid is shown in Figure 1.1.1Fig. 1.1.1. Pressure on a fluid elementwith the pressure
acting on the faces normal to the x-axis. Newton s law for the x-direction is thenin which X is the
external or body force component per unit mass and a(x) is the acceleration component, both in
the x-direction, and is the density. The quantities p, X, and a(x) are in general functions of x, y, z,
and t. Here, as always, we shall use letter subscripts to denote differentiation, and this accounts
for the symbol a(x) to denote the component of a vector in the x-direction. Upon passing to the
limit in allowing δx, δy, δz to approach zero we obtain the equation of motion for the x-direction in
the form — px + X = a(x), and analogous expressions for the two other directions. Thus we have
the equations of motionor, in vector form:with an obvious notation. The body force F plays a very
important role in our particular branch of hydrodynamics—in fact the main results of the theory
are entirely conditioned by the presence of the gravitational force F = (0, — g, 0), in which g
represents the acceleration of gravity. It should be observed that we consider the positive y-axis
to be vertically upward, and the x, z-piane therefore to be horizontal (usually it will be taken as
the undisturbed water surface). This convention regarding the disposition of the coordinate axes
will be maintained, for the most part, throughout the book.The differential equations (1.1.1) are
in what is called the Lagrang- ian form, in which one has in mind a direct description of the
motion of each individual fluid particle as a function of the time. It is more useful for most
purposes to work with the equations of motion in the so-called Eulerian form. In this form of the
equations one concentrates attention on the determination of the velocity distribution in the
region occupied by the fluid without trying to follow the motion of the individual fluid particles, but
rather observing the velocity distribution at fixed points in space as a function of the time. In



other words, the velocity field, with components u, v, w, is to be determined as a function of the
space variables and the time. Afterwards, if that is desired, the motion of the individual particles
can be obtained by integrating the system of ordinary differential equations = u, = v, = w, in
which the dot over the quantities x, y, z means differentiation with respect to the time in following
the motion of an individual particle.In order to restate the equations of motion (1.1.1) in terms of
the Euler variables u, v, w, and in order to carry out other important operations as well, it is
necessary to calculate time derivatives of various functions associated with a given fluid particle
in following the motion of the particle. For example, we need to calculate the time derivative of
the velocity of a particle in order to obtain the acceleration component occurring in (1.1.1), and
quite a few other quantities will occur later on for which such particle derivatives will be needed.
Suppose, then, that F(x, y, z; t) is a function associated with a particle which follows the path
given by the vectorit follows thatis the velocity vector associated with the particle. For this
particle the arguments x, y, z of the function F are of course the functions of t which characterize
the motion of the particle; as a consequence we haveand hence the operation of taking the
particle derivative d/dt is defined as follows:The distinction between dF/dt and ∂F/∂t = Ft should
be carefully noted.Since the acceleration a of a particle is given by a = (du/dt, dv/dt, dw/dt), in
which (u, v, w) are the components of the velocity v of the particle, it follows from (1.1.3) that the
component a(x) = du/dt is given bywith similar expressions for the other components. The
equations of motion (1.1.1) are therefore given as follows in terms of the Euler variables:when
we specify the external or body force to consist only of the force of gravity.Equations (1.1.4) form
a set of three nonlinear partial differential equations for the five quantities u, v, w, , and p. Since
the fluid is assumed to be incompressible, the density can be taken as a known constant. At the
same time, the assumption of incompressibility leads to a relatively simple differential equation
expressing the law of conservation of mass, and this equation constitutes the needed fourth
equation for the determination of the velocity components and the pressure. Perhaps the
simplest way to derive the mass conservation law is to start from the relationwhich states that
the mass flux outward through any fixed closed surface enclosing a region in which no liquid is
created or destroyed is zero. (By vn we mean the velocity component taken positive in the
direction of the outward normal to the surface.) An application of Gauss’s divergence theorem:to
the above integral leads to the relationfor any arbitrary region R. It follows therefore that div (v) =
0 everywhere, and since = constant, we have finallyas the expression of the law of conservation
of mass. The equation (1.1.6) is also frequently called the equation of continuity.Equations
(1.1.4) and (1.1.6) are sufficient, once appropriate initial and boundary conditions (to be
discussed shortly) are imposed, to determine the velocity components u, v, w, and the pressure
p uniquely.1.2.Helmholtz’s theoremBefore discussing boundary conditions it is preferable to
formulate a few additional conservation laws which are consequences of the assumptions made
so far—in particular of the assumption that internal fluid friction can be neglected.The first of
these laws to be discussed is the law of conservation of circulation. The notion of circulation is
defined as follows. Consider a closed curve C which moves with the fluid (that is, C consists



always of the same particles of the fluid). The circulation Γ = Γ(t) around C is defined by the line
integralin which vs is the velocity component of the fluid tangent to C, and ds is the element of
arc length of C. The curve C is considered as given by the vector x(σ, t) with σ a parameter on C
such that 0 σ 1 and x(0, t) = x(1, t). We are thus operating in terms of the Lagrange system of
variables rather than in terms of the Euler system, and fixing a value of σ has the effect of picking
out a specific particle on C.We may write in which v · xσ is a scalar product and xσ, as usual,
refers to differentiation with respect to σ. For the time derivative we have thereforeFrom the
equation of motion (1.1.2) in the Lagrangian form with a = , F = (0, —g, 0) = — grad (gy), and
from σ = vσ, the last equation yieldssince the values of p, y, and v coincide at σ = 0 and σ = 1,
and and g are constants. The last equation evidently states that in a nonviscous fluid the
circulation around any closed curve consisting of the same fluid particles is constant in time.
This is the theorem of Helmholtz. The assumption of zero viscosity entered into our derivation
through the use of (1.1.2) as equation of motion.*In this book we are interested in the special
case in which the circulation for all closed curves is zero. This case is very important in the
applications because it occurs whenever the fluid is assumed to have been at rest or to have
been moving with a constant velocity at some particular time, so that v ≡ const, holds at that
time, and hence Γ vanishes for all time. The cases in which the fluid motion begins from such
states are obviously very important.The assumption that Γ vanishes for all closed curves has a
number of consequences which are basic for all that follows in this book. The first conclusion
from Γ ≡ 0 follows almost immediately from Stokes’s theorem:in which the surface integral is
taken over any surface S spanning the curve C. If Γ = 0 for all curves C, as we assume, it follows
easily by a well-known argument that the vector curl v vanishes everywhere:and the flow is then
said to be irrotational. In other words, a motion in a nonviscous fluid which is irrotational at one
instant always remains irrotational. Throughout the rest oi this book we shall assume all flows to
be irrotational.1.3.Potential flow and Bernoulli’s lawThe assumption of irrotational flow results in
a number of simplifications in our theory which are of the greatest utility. In the first place, the fact
that curl v = 0 (cf. (1.2.4)) ensures, as is well known, the existence of a single-valued velocity
potential Φ(x, y, z; t) in any simply connected region, from which the velocity field can be derived
by taking the gradient:or, in terms of the components of v:The velocity potential is, indeed, given
by the line integralThe vanishing of curl v ensures that the expression to be integrated is an
exact differential. Once it is known that the velocity components are determined by (1.3.2), it
follows from the continuity equation (1.1.6), i.e. div v = 0, that the velocity potential Φ is a solution
of the Laplace equationas one readily sees, and Φ is thus a harmonic function. This fact
represents a great simplification, since the velocity field is derivable from a single function
satisfying a linear differential equation which has been very much studied and about which a
great deal is known.Still another important consequence of the irrotational character of a flow
can be obtained from the equations of motion (1.1.4). By making use of (1.2.4), it is readily
verified that the equations of motion (1.1.4) can be written in the following vector form:use
having been made of the fact that = constant. Integration of this relation leads to the important



equation expressing what is called Bernoulli’s law:in which C(t) may depend on t, but not on the
space variables. There are two other forms of Bernoulli’s law for the case of steady flows, one of
which applies along stream lines even though the flow is not irrotational, but since we make no
use of these laws in this book we refrain from formulating them.The potential equation (1.3.3)
together with Bernoulli’s law (1.3.4) can be used to take the place of the equations of motion
(1.1.4) and the continuity equation (1.1.6) as a means of determining the velocity components u,
v, w, and the pressure p: in effect, u, v, and w are determined from the solution Φ of (1.3.3), after
which the pressure p can be obtained from (1.3.4). It is true that the pressure appears to be
determined only within a function which is the same at each instant throughout the fluid. On
physical grounds it is, however, clear that a function of t alone added to the pressure p has no
effect on the motion of the fluid since no pressure gradients result from such an addition to the
pressure. In fact, if we set then Φ* is a harmonic function with grad Φ = grad Φ* and the
Bernoulli law with reference to it has a vanishing right hand side. Thus we may take C(t) ≡ 0 in
(1.3.4) without any essential loss of generality.While it is true that the Laplace equation is a
linear differential equation, it does not follow that we shall be able to escape all of the difficulties
arising from the nonlinear character of the basic differential equations of motion (1.1.4). As we
shall see, the problems of interest here remain essentially nonlinear because the Bernoulli law
(1.3.4) , and another condition to be derived in the next section, give rise to nonlinear boundary
conditions at free surfaces. In the next section we take up the important question of the
boundary conditions appropriate to various physical situations.1.4.Boundary conditionsWe
assume the fluid under consideration to have a boundary surface S, fixed or moving, which
separates it from some other medium, and which has the property that any particle which is
once on the surface remains on it.* Examples of such boundary surfaces of importance for us
are those in which S is the surface of a fixed rigid body in contact with the fluid—the bottom of
the sea, for example—or the free surface of the water in contact with the air.If such a surface S
were given, for example, by an equation ζ(x, y, z; t) = 0, it follows from (1.1.3) that the
conditionwould hold on S. From (1.3.2) and the fact that the vector (ζx, ζy, ζz) is a normal vector
to S it follows that the condition (1.4.1) can be written in the formin which ∂/∂n denotes
differentiation in the direction of the normal to S and υn means the common veiocity of fluid and
boundary surface in the direction normal to the surface.In the important special case in which
the boundary surface S is fixed, i.e. it is independent of the time t, we have the conditionThis is
the appropriate boundary condition at the bottom of the sea, or at the walls of a tank containing
water.Another extremely important special case is that in which S is a free surface of the liquid,
i.e. a surface on which the pressure p is prescribed but the form of the surface is not prescribed
a priori. We shall in general assume that such a free surface is given by the equationOn such a
surface ζ = y — η(x, z; t) = 0 for any particle, and hence (1.4.1) yields the conditionIn addition, as
remarked above, we assume that the pressure p is given on S; as a consequence the Bernoulli
law (1.3.4) yields the condition:(As remarked earlier, we may take the quantity C(t) = 0 in
(1.3.4).) Thus the potential function Φ must satisfy the two nonlinear boundary conditions (1.4.5)



and (1.4.6) on a free surface. This is in sharp contrast to the single linear boundary condition
(1.4.3) for a fixed boundary surface, but it is not strange that two conditions should be
prescribed in the case of the free surface since an additional unknown function η(x, z; t), the
vertical displacement of the free surface, is involved in the latter case.Later on we shall also be
concerned with problems involving rigid bodies floating in the water and S will be the portion of
the rigid body in contact with the water. In such cases the function η(x, z; t) will be determined by
the motion of the rigid body, which in turn will be fixed (through the dynamical laws of rigid body
mechanics) by the pressure p between the body and the water in accordance with (1.4.6). The
detailed conditions for such cases will be worked out later on at an appropriate
place.1.5.Singularities of the velocity potentialIn our discussion up to now it has been tacitly
assumed that all quantities such as the pressure, velocity potential, velocity components, etc.
are regular functions of their arguments. It is, however, often useful to permit singularities of one
kind or another to occur as an idealization of, or an approximation to, certain physical situations.
Perhaps the most useful such singularity is the point source or sink which is given by the
harmonic functionin three dimensions, and byin two dimensions. Both of these functions yield
flows which are radially outward from the origin, and for which the flux per unit time across a
closed surface (for (1.5.1)) or a closed curve (for (1.5.2)) surrounding the origin has the value c,
as one readily verifies since ∂Φ/∂n = dΦ/dr for r = constant. That these functions represent at
best idealizations of the physical situations implied in the words source and sink is clear from the
fact that they yield infinite velocities at r = 0. Nevertheless, it is very useful here —as in other
branches of applied mathematics —to accept such infinities with the reservation that the results
obtained are not to be taken too literally in the immediate vicinity of the singular point.We shall
have occasion to deal with other singularities than sources or sinks, such as dipoles and
multipoles, but these will be introduced when needed.1.6.Notions concerning energy and
energy fluxIn dealing with surface gravity waves in water it is important and useful to analyze in
some detail the flow of energy in the fluid past a given surface S. Let R be the region occupied
by water and bounded by a “geometric” surface S which may, or may not, move independently of
the liquid. The energy E contained in R consists of the kinetic energy of the water particles in R
and their potential energy due to gravity; hence E is given byor, alternatively, byupon applying
Bernoulli’s law (1.3.4) with C(t) = 0.We wish to calculate dE/dt, having in mind that the region R
is not necessarily fixed, but may depend on the time t. Quite generally, if it is well known thatin
which vn denotes the normal velocity of the boundary S of R taken positive in the direction
outward from R. In applying the formula for dE/dt we make use of the definition of the function f
implied in (1.6.1) in the first term, but take f from (1.6.2) for the second term. The result isThe
integrand in the first integral can be expressed in the formand hence the integral can be written
as the following surface integral:in view of Green’s formula and the fact that ∇2Φ = 0. Thus the
expression for dE/dt, the rate of change of the energy in R, can be put into the following form:We
recall that vn means the normal velocity component of S, and Φn refers to the velocity
component of the fluid taken in the direction of the normal to S which points outward from R.It



happens frequently that the boundary surface S of R is made up of a number of different pieces
which have different properties or for which various different conditions are prescribed. Suppose
first that a portion SP of S is a “physical” boundary containing always the same fluid particles.
Then Φn and vn are identical (cf. (1.4.2)) andIf, in addition, the surface SP is fixed in space, i.e.
vn ≡ 0, the contribution of SP to dE/dt evidently vanishes, as it should, since no energy flows
through a fixed boundary containing always the same fluid particles. Similarly, the contribution to
the energy flux also vanishes in the important special case in which SF is a free surface on
which the pressure p vanishes; this result also accords with what one expects on physical
grounds.Suppose now that SG is a “geometric” surface fixed in space, but not necessarily
consisting of the same particles of water. In this case we have vn = 0 and the flow of energy
through SG is given byAn important special case for us is that in which Φ is the velocity potential
for a plane progressing wave given, for example, bywhich represents a wave moving with
constant velocity c in the direction of the x-axis. The flux through a fixed plane surface S
orthogonal to the x-axis is easily seen from (1.6.5) to be given byThe negative sign results since
our stipulations amount to saying that the region R occupied by the fluid lies on the negative side
of S (i.e. on the side away from the positive normal, the x-axis); and consequently the energy flux
through S due to a progressing wave moving in the positive direction of the normal (so that c is
positive) is such as to decrease the energy in R, as one would expect. It is to be noted that there
is always a flow of energy through a surface S orthogonal to the direction of a progressing wave
if Φn 0 —even though the motion of the individual particles of the fluid should happen, for
example, to be such that the particles move in a direction opposite to that of the progressing
wave.1.7.Formulation of a surface wave problemIt is perhaps useful —although somewhat
discouraging, it must be admitted —to sum up the above discussion concerning the
fundamental mathematical basis for our later developments by formulating a rather general, but
typical, problem in the hydrodynamics of surface waves. The physical situation is indicated in
Figure 1.7.1; what is intended is a situation like that on any ocean beach. The water is assumed
to be initially at rest and to fill the space R defined byand extending to + ∞ in the x-direction. At
the time t = 0, a given disturbance is created on the surface of the water over a region D (by the
wind, perhaps), and one wishes to determine mathematically the subsequent motion of the
water; in particular, the form of the free surface y = η(x, z; t) is to be determined. On the basis of
these assumptions the following conditions should be satisfied: First of all, the differential
equation to be satisfied by Φ is, of course, the Laplace equationFig. 1.7.1. A very general
surface wave problemIt is to be noted that xs(z; t), the abscissae of the water line on shore, and
η(x, z; t), the free surface elevation, are not known in advance but are rather to be determined as
an integral part of the solution. As boundary condition to be satisfied at the bottom of the sea we
havewhile the free surface conditions are the kinematic condition (cf. (1.4.5))and the dynamic
conditionwith F(x, z; t) ≡ 0 everywhere except over the region D where the disturbance is
created. At ∞, i.e. for x → ∞ and |z| → ∞, we might prescribe that Φ and η remain bounded, or
perhaps even that they and certain of their derivatives tend to zero. Next we have the initial



conditionsappropriate to the condition of rest in an equilibrium position. Finally we must
prescribe conditions fixing the disturbance; this could be done, for example, by giving the
pressure p over the disturbed region D of the surface, in other words by prescribing the function
F in (1.7.4) appropriately there.One has only to write down the above formulation of our problem
to realize how difficult it is to solve it. In the first place the problem is nonlinear, but what makes
for perhaps even greater difficulties is the fact that the free surface is not known a priori and
hence the domain in which the velocity potential is to be determined is not known in advance—
aside from the fact that its boundary varies with the time.These are, however, not the only
difficulties in the above problem. If we assume that the function Φ is regular throughout the
interior of R and uniformly bounded (together with some of its derivatives, perhaps) in R, the
formulation of the problem given above would seem to be reasonable from the point of view of
mechanics. However, the solution would probably not exist for all t > 0 for the following reason:
everyone who has visited an ocean beach is well aware that the waves do not come in smoothly
all the way to the shore (except possibly in very calm weather), but, rather, they steepen in front,
curl over, and eventually break. In other words, any mathematical formulation of the problem
which would fit the commonly observed facts even for a limited time would necessitate
postulating the existence of singularities of unknown location in both space and time.Because of
the difficulty of the general nonlinear theory very little progress has been made in solving
concrete problems which employ it. An exception is the problem of proving the existence of
twodimensional periodic progressing waves in water of uniform depth. This was done first by
Nekrassov [N.1], [N.1a] and by Levi-Civita [L.7] for water of infinite depth, and later by Struik
[S.29] for water of constant finite depth. In Chapter 12 an account of Levi-Civita’s theory is given.
In both cases the authors prove rigorously the existence of waves having amplitudes near to
zero by showing that perturbation series in the amplitude converge. Another exception to the
above statement is the problem of the solitary wave, the existence of which, from the
mathematical point of view, has been proved recently by Lavrentieff [L.4] and by Friedrichs and
Hyers [F.13]; an account of the work of the latter two authors is given in Chapter 10.9.It seems
likely that solutions of problems in the full nonlinear version of the theory will, for a long time to
come, continue to be of the nature of existence theorems for motions of a rather special
nature.In order to make progress with the theory of surface waves it is in general necessary to
simplify the theory by making special hypotheses of one kind or another which suggest
themselves on the basis of the general physical circumstances contemplated in a given class of
problems. As we have already explained in the introduction, up to now attention has been
concentrated almost exclusively upon the two approximate theories which result when either a)
the amplitude of the surface waves is considered small (with respect to wave length, for
example), or b) the depth of the water is considered small (again with respect, say, to wave
length). The first hypothesis leads to a linear theory and to boundary value problems more or
less of classical type; while the second leads to a nonlinear theory for initial value problems,
which in lowest order is of the type employed in wave propagation in compressible gases. If both



hypotheses are made, the result is a linear theory involving essentially the classical linear wave
equation; the present theory of the tides belongs in this class of problems.In the next chapter we
derive the approximate theories arising from the two hypotheses by starting from the general
theory and then developing formally with respect to an appropriate parameter — essentially the
surface wave amplitude in one case and the depth of the water in the other —and in subsequent
chapters we continue by treating a variety of special problems in each of the two classes.* We
assume that the usual concepts of the general mechanics of continuous media are known.* It
should be added that the law of conservation of circulation holds under much wider conditions
than were assumed here (cf. [C.9], p. 19).* Actually, this property is a consequence of the basic
assumption in continuum mechanics that the motion of the fluid can be described
mathematically as a topological deformation which depends continuously on the time
t.CHAPTER 2The Two Basic Approximate Theories2.1.Theory of waves of small amplitudeIt has
already been stated that the theory of waves of small amplitude can be derived as an
approximation to the general theory presented in Chapter I on the basis of the assumption that
the velocity of the water particles, the free surface elevation y = η(x, z; t), and their derivatives,
are all small quantities. We assume, in fact, that the velocity potential Φ and the surface
elevation η possess the following power series expansions with respect to a parameter ε:It
follows first of all that each of the functions Φ(k)(x, y, z; t) is a solution of the Laplace equation,
i.e.We turn next to the discussion of the boundary conditions. At a fixed physical boundary (cf.
section 1.4) of the fluid we have clearly the conditionsin which ∂/∂n represents differentiation
along the normal to the boundary surface.At a free surface S: y = η(x, z; t) on which the pressure
is zero we have two boundary conditions. One of them arises from the Bernoulli law' and has the
formUpon insertion of (2.1.1) and (2.1.2) in this condition and developing Φt, , etc. systematically
in powers of ε (due regard being paid to the fact that the functions , , etc. are to be evaluated for
y = η(x, z; t) and that η in its turn is given in terms of ε by η = η(0) + εη(1) + . . .) one finds readily
the conditionsto be satisfied for y = η(0), and since η(0) = 0 from (2.1.5) it follows that the
conditions (2.1.6), (2.1.7), etc. are all to be satisfied on the originally undisturbed surface of the
water y = 0. The other boundary condition on S arises from the fact that the water particles stay
on S (cf. section 1.4); it is expressed in the formInsertion of the power series for Φ and η in this
expression leads to the conditionswhich are also to be satisfied for y = 0.In view of the fact that ?
y(δ) = 0, the free surface conditions can be put in the formin which the symbol F(n–1) refers to a
certain combination of the functions η(k) and Φ(k) with k n — 1, and all conditions are to be
satisfied for y — 0. Similarly, the other set of free surface conditions becomesin which G(n–x)
depends only upon functions η(k) and Φ(k) with k n — 1, and once more all conditions are to be
satisfied for y = 0. This theory therefore is a development in the neighborhood of the rest position
of equilibrium of the water.The relations (2.1.11) to (2.1.16) thus, in principle, furnish a means of
calculating successively the coefficients of the series (2.1.1) and (2.1.2) , assuming that such
series exist: The conditions (2.1.11) and (2.1.14) at the free surface together with appropriate
conditions at other boundaries, and initial conditions for t = 0, would in conjunction with ∇2Φ(1) =



0 lead to unique solutions η(1) and Φ(1). Once η(1) and Φ(1) are determined, they can be
inserted in the conditions (2.1.12) and (2.1.15) to yield two conditions for η(2) and Φ(2) which
with the subsidiary boundary and other conditions on Φ(2) serve to determine them, etc. One
could interpret the work of Levi-Civita [L.7] and Struik [S.29] referred to in section 1.7 as a
method of proving the existence of progressing waves which are periodic in x by showing that
the functions Φ and η can indeed be represented as convergent power series in ε for ε
sufficiently small.In what follows in Part II of this book we shall content ourselves in the main with
the degree of approximation implied in breaking off the perturbation series after the terms εΦ(1)
and εη(1) in the series (2.1.1) and (2.1.2), i.e. we set Φ ≡ εΦ(1) and η ≡ εη(1). With this
stipulation the free surface conditions (2.1.11) and 2.1.14) yieldBy elimination of η between
these two relations the single condition on Φ:is obtained; this condition is the one which will be
used mainly in Part II in order to determine Φ from ∇2Φ = 0, after which the free surface
elevation η can be determined from (2.1.17). The usual method of obtaining the last three
conditions is to reject all but the linear terms in η and Φ and their derivatives in the kinematic (cf.
(1.4.5)) and dynamic (cf. (1.4.6)) free surface boundary conditions. By proceeding in this way we
can obtain a first approximation to the pressure p (which was not considered in the above
general perturbation scheme) in the form:*We can now see the great simplifications which result
through the linearization of the free surface conditions: not only does the problem become linear,
but also the domain in which its solution is to be determined becomes fixed a priori and
consequently the surface wave problems in this formulation belong, from the mathematical point
of view, to the classical boundary problems of potential theory.2.2.Shallow water theory to
lowest order. Tidal theoryA different kind of approximation from the foregoing linear theory of
waves of small amplitude results when it is assumed that the depth of the water is sufficiently
small compared with some other significant length, such as, for example, the radius of curvature
of the water surface. In this theory it is not necessary to assume that the displacement and slope
of the water surface are small, and the resulting theory is as a consequence not a linear theory.
There are many circumstances in nature under which such a theory leads to a good
approximation to the actual occurrences, as has already been mentioned in the introduction.
Among such occurrences are the tides in the oceans, the “solitary wave” in sufficiently shallow
water, and the breaking of waves on shallow beaches. In addition, many phenomena met with in
hydraulics concerning flows in open channels such as roll waves, flood waves in rivers, surges in
channels due to sudden influx of water, and other kindred phenomena, belong in the nonlinear
shallow water theory. Chapters 10 and 11 are devoted to the working out of consequences of the
shallow water theory.The shallow water theory is, in its lowest approximation, the basic theory
used in hydraulics by engineers in dealing with flows in open channels, and also the theory
commonly referred to in the standard treatises on hydrodynamics as the theory of long waves.
We begin by giving first a derivation of the theory for two-dimensional motion along essentially
the lines followed by Lamb [L.3], p. 254. As usual, the undisturbed free surface of the water is
taken as the x-axis and the y-axis is taken vertically upwards. The bottom is given by y = —h(x),



so that h represents the variable depth of the undisturbed water. The surface displacement is
given by y = η(x, t). The velocity components are denoted by u(x, y, t) and v(x, y, t).The equation
of continuity isThe conditions to be satisfied at the free surface are the kinematical condition:and
the dynamical condition on the pressure:At the bottom the condition isIntegration of (2.2.1) with
respect to y yieldsUse of the condition (2.2.2) at y = η and (2.2.4) at y = — h yields the
relationWe introduce the relationand combine it with (2.2.6) to obtainUp to this point no
approximations have been introduced.The shallow water theory is an approximate theory which
results from the assumption that the y-component of the acceleration of the water particles has a
negligible effect on the pressure p, or, what amounts to the same thing, that the pressure p is
given as in hydrostatics * byThe quantity is the density of the water. A number of consequences
of (2.2.9) are useful for our purposes. To begin with, we observe thatso that px is independent of
y. It follows that the x-component of the acceleration of the water particles is also independent of
y; and hence u, the x-component of the velocity, is also independent of y for all t if it was at any
time, say at t = 0. We shall assume this to be true in all cases—it is true for example in the
important special case in which the water was at rest at t = 0 —so that u = u(x, t) depends only
on x and t from now on. As equation of motion in the x-direction we may write, therefore, in view
of (2.2.10):This is simply the usual equation of motion in the Eulerian form, use having been
made of uy = 0. In addition, (2.2.8) may now be writtensince on account of the fact that u is
independent of y. The two first order differential equations (2.2.11) and (2.2.12) for the functions
u(x, t) and η(x, t) are the differential equations of the nonlinear shallow water theory. Once the
initial state of the fluid is prescribed, i.e. once the values of u and η at the time t = 0 are given, the
equations (2.2.11) and (2.2.12) yield the subsequent motion.If in addition to the basic
assumption of the shallow water theory expressed by (2.2.9) we assume that u and η, the
particle velocity and free surface elevation, and their derivatives are small quantities whose
squares and products can be neglected in comparison with linear terms, it follows at once that
equations (2.2.11) and (2.2.12) simplify tofrom which η can be eliminated to yield for u the
equationIf, in addition, the depth h is constant it follows readily that u satisfies the linear wave
equationIn this case η satisfies the same equation. One observes therefore the important result
that the propagation speed of a disturbance is given by . In principle, this linearized version of
the shallow water theory is the one which has always been used as the basis for the theory of
the tides. Of course, the tidal theory for the oceans requires for its complete formulation the
introduction of the external forces acting on the water due to the gravitational attraction of the
moon and the sun, and also the Coriolis forces due to the rotation of the earth, but nevertheless
the basic fact about the tidal theory from the standpoint of mathematics is that it belongs to the
linear shallow water theory. The actual oceans do not from most points of view impress one as
being shallow; in the present connection, however, the depth is actually very small compared
with the curvature of the tidal wave surface so that the shallow water approximation is an
excellent one. That the tidal phenomena should be linear to a good approximation would also
seem rather obvious on account of the small amplitudes of the tides compared with the



dimensions of the oceans. A few additional remarks about tidal theory and some other
applications of the linearized version of the shallow water theory to concrete problems (seiches
in lakes, and floating breakwaters, for example) are given in Chapter 10.13.2.3.Gas dynamics
analogyIt is possible to introduce a different set of dependent variables in such a way that the
equations of the shallow water theory become analogous to the fundamental differential
equations of gas dynamics for the case of a compressible flow involving only one space variable
x. (This seems to have been noticed first by Riabouchinsky [R.8].) To this end we introduce the
mass per unit area given bySince h depends only on x we haveWe next define the force per unit
width:which, in view of (2.2.9) and (2.3.1), leads toThe relation between and is thus of the form
= Aγ with γ = 2, that is, the “pressure” and the “density” are connected by an “adiabatic” relation
with the fixed exponent 2.Equation (2.2.11) may now be writtenand this, in turn, may be
expressed through use of (2.3.1) and (2.3.4) as follows:as one can readily verify.The equation
(2.2.12) may be written asin view of (2.3.2) as well as (2.3.1). The differential equations (2.3.5)
and (2.3.6), together with the “adiabatic” law = g2/2 given by (2.3.4) , are identical in form with
the equations of compressible gas dynamics for a one-dimensional flow except for the term ghx
on the right hand side of (2.3.5), and this term vanishes if the original undisturbed depth h of the
water is constant. The “sound speed” c corresponding to our equations (2.3.5) and (2.3.6) is, in
analogy with gas dynamics, given by and this from (2.3.4) and (2.3.1) has the valueIt will be
seen later that c(x, t) represents the local speed at which a small disturbance advances relative
to the water.2.4.Systematic derivation of the shallow water theoryIt is of course a matter of
importance to know under what circumstances the shallow water theory can be expected to
furnish sufficiently accurate results. The only assumption made above in addition to the
customary assumptions of hydrodynamics was that the pressure is given as in hydrostatics by
(2.2.9), but no assumption was made regarding the magnitude of the surface elevation or the
velocity components. Consequently the shallow water theory may be accurate for waves whose
amplitude is not necessarily small, provided that the hydrostatic pressure relation is not
invalidated. The above derivation of the shallow water theory is, however, open to the objection
that the role played by the undisturbed depth of the water in determining the accuracy of the
approximation is not put in evidence. In fact, since we shall see later on that all motions die out
rather rapidly in the depth, it would at first sight seem reasonable to expect that the hydrostatic
law for the pressure would be, on the whole, more accurate the deeper the water. That this is not
the case in general is well known, since the solutions for steady progressing waves of small
amplitude (i.e. for solutions obtained by the linearized theory) in water of uniform but finite depth
are approximated accurately by the solutions of the shallow water theory (when it also is
linearized) only when the depth of the water is small compared with the wave length (cf. Lamb
[L.3], p. 368). It is possible to give a quite different derivation of the shallow water theory in which
the equations (2.2.11) and (2.2.12) result from the exact hydrodynamical equations as the
approximation of lowest order in a perturbation procedure involving a formal development of all
quantities in powers of the ratio of the original depth of the water to some other characteristic



length associated with the horizontal direction.* The relation (2.2.9) is then found to be correct
within quadratic terms in this ratio. In this section we give such a systematic derivation of the
shallow water theory, following K. O. Friedrichs (see the appendix to [S.19]), which, unlike the
derivation given in section 2.2 above, is capable of yielding higher order approximations.The
disposition of the coordinate axes is taken in the usual manner, with the x, z-plane the
undisturbed water surface and the y-axis positive upward. The free surface elevation is given by
y = η(x, z, t) and the bottom surface by y = — h(x, z). We recapitulate for the sake of
convenience the differential equations and boundary conditions in terms of the Euler variables,
that is, the equations of continuity and motion, the vanishing of the rotation, and the boundary
conditions:We now introduce dimensionless variables through the use of two lengths d and k,
with d intended to represent a typical depth and k a typical length in the horizontal direction—it is
characteristic of the procedure followed here that the horizontal and vertical directions are not
treated in the same way. The new independent variables are as follows:while the new
dimensionless dependent variables areIn addition, we introduce the important parameterin
terms of which all quantities will be developed; when this parameter is small the water is
considered to be shallow. This means, of course, that d is small compared with k, and hence that
the x and z coordinates (cf. (2.4.7)) are stretched differently from the y coordinate and in a
fashion which depends upon the development parameter. Since it is the horizontal coordinate
which is strongly stretched relative to the depth coordinate, it seems reasonable to refer to the
resulting theory as a shallow water theory. The stretching process combined with a development
with respect to σ is the characteristic feature of what we call the shallow water theory throughout
this book. The dimensionless development parameter σ has a physical significance, of course,
but its interpretation will vary depending on the circumstances in individual cases, as has
already been noted above. For example, consider a problem in which the motion is to be
predicted starting from rest with initial elevation y = η0(x, y, z) prescribed; from (2.4.8) we
havefrom which we obtainIt is natural to assume that the dimensionless second derivative will
be at least bounded and consequently one sees that the assumption that σ is small might be
interpreted in this case as meaning that the product of the curvature of the free surface of the
water and a typical depth is a small quantity.The object now is to consider a sequence of
problems depending on the small parameter σ and then develop in powers of σ. Introduction of
the new variables in the equations (2.4.1) to (2.4.6) yieldswhen bars over all quantities are
dropped and τ is replaced by t.The next step is to assume power series developments for u, v,
w, η, and p:and insert them in the equations (2.4.1)′ to (2.4.6)′ to obtain, by equating coefficients
of like powers of σ, equations for the successive coefficients in the series, which are of course
functions of x, y, z, and t. The terms of zero order yield the equationsThese equations yield the
following:which contain the important results that the vertical velocity component is zero and the
horizontal velocity components are independent of the vertical coordinate y in lowest order.The
first order terms arising from (2.4.1)′ to (2.4.6)′ in their turn yield the equations (2.4.1);upon
making use of (2.4.11), (2.4.12), and (2.4.13). Equation (2.4.1)′1 can be integrated at once since



u(0) and w(0) are independent of y to yieldwith F an arbitrary function which can be determined
by using (2.4.6)′1; the result for v(1) is thenTo second order the vertical component of the
velocity is thus linear in the depth coordinate. In similar fashion the second of the equations
(2.4.2)′1 can be integrated and the additive arbitrary function of x, z, t determined from (2.4.14);
the result iswhich is obviously the hydrostatic pressure relation (in dimensionless form).In the
derivation of the shallow water theory given in the preceding section this relation was taken as
the starting point; here, it is derived as the lowest order approximation in a formal perturbation
scheme. However, it is of course not true that we have proved that (2.4.17) is in some sense an
appropriate assumption: instead, it should be admitted frankly that our dimensionless variables
were introduced in just such a way that (2.4.17) would result. If it could be shown that our
perturbation procedure really does yield a correct asymptotic development (that the
development converges seems unlikely since the equations (2.4.1)′ to (2.4.6)′ degenerate in
order so greatly for σ = 0) then the hydrostatic pressure assumption could be considered as
having been justified mathematically. A proof that this is the case would be of great interest,
since it would give a mathematical justification for the shallow water theory; to do so in a general
way would seem to be a very difficult task, but Friedrichs and Hyers [F.13] have shown that the
development does yield the existence of the solution in the important special case of the solitary
wave (cf. Chapter 10.9). (Keller [K.6] had shown earlier that the formal procedure yields the
solitary wave.) The problem is of considerable mathematical interest also because of the
following intriguing circumstance: the approximation of lowest order to the solution of a problem
in potential theory is sought in the form of a solution of a nonlinear wave equation, and this
means that the solution of a problem of elliptic type is approximated (at least in the lowest order)
by the solution of a problem of hyperbolic type.The values of v(1) and p(0) given by (2.4.16) and
(2.4.17) are now inserted in the first and third equations of (2.4.2)′1 and in (2.4.4)′1 to yield
finallyas definitive equations for u(0), w(0), and η(0)—all of which, we repeat, depend only upon
x, z, and t. If the superscript is dropped, w(0) is taken to be zero, and it is assumed that all
quantities are independent of z, one finds readily that these equations become identical with
equations (2.2.11) and (2.2.12) except for the factor g in (2.2.11) which is missing here because
of our introduction of a dimensionless pressure.It is clear that the above process can be
continued to obtain the higher order approximations. An example of such a calculation will be
given later in Chapter 10.9, where we shall see that the first nontrivial term in the development
which yields the solitary wave is of second order.* In case the surface pressure p0(æ, z; t) is not
zero one finds readily that (2.1.17) is replaced bywhile (2.1.18) remains unaltered.* We have py
= — gand (2.2.9) results through the use of p = 0 for y = η.* In this book the parameter of the
shallow water theory is defined in two different ways: in dealing with the breaking of waves in
Chapter 10.10 it is the ratio of the depth to a significant radius of curvature of the free surface; in
dealing with the solitary wave, however, it is essentially the ratio of the depth to the quantity U2/
g, with U the propagation speed of the wave, and in this case the development is carried out for
U2 /gh near to one. In still other problems it might well be defined differently in terms of



parameters that are characteristic for such problems.PART IISummaryIn Part II we treat a variety
of problems in terms of the theory which arises through linearization of the free surface condition
(cf. the preceding chapter); thus the problems refer to waves of small amplitude. To this theory
the names of Cauchy and Poisson are usually attached. The material falls into three different
types, or classes, of problems, as follows: A) Waves that are simple harmonic in the time. These
problems are treated in Chapters 3, 4, and 5 and they include a study of the classical standing
and progressing wave solutions in water of uniform depth, and waves over sloping beaches and
past obstacles of one kind or another. The mathematical tools employed here comprise, aside
from classical methods in potential theory, a thorough-going use of integrals in the complex
domain. B) Waves created by disturbances initiated at an instant when the water is at rest.
These problems, which are treated in Chapter 6, comprise a variety of unsteady motions,
including the propagation of waves from a point impulse and from an oscillatory source.
Uniqueness theorems for the unsteady motions are derived. The principle mathematical tool
used in solving these problems is the Fourier transform. The method of stationary phase is
justified and used. C) Waves arising from obstacles immersed in a running stream. This category
of problems differs from the first two in that the motion to be investigated is a small oscillation in
the neighborhood of a uniform flow, while the former cases concern small oscillations near the
state of rest. This difference is in one respect rather significant since the problems of the first two
types require no restriction on the shape of immersed bodies, or obstacles, while the third type
of problem requires that the immersed bodies should be in the form of thin disks, since
otherwise the flow velocity would be changed by a finite amount, and a linearization of the free
surface condition would not then be justified. In other words, the problems of this third type
require a linearization based on assuming a small thickness for any immersed bodies, as well as
a linearization with respect to the amplitude of the surface waves. These problems are treated in
Chapters 7, 8, and 9. The classical case of the waves created by a small obstacle in a running
stream of uniform depth is first treated. This includes the classical shipwave problem, discussed
in Chapter 8, in which the “ship” is treated as though it could be replaced by a point singularity. A
treatment is given in Chapter 9 of the problem of the waves created by a ship moving through a
sea of arbitrary waves, assuming the ship to be a floating rigid body with six degrees of freedom
and with its motion determined by the propeller thrust and the pressure of the water on its
hull.Finally, in an Appendix to Part II a brief summary of some of the more recent literature
concerned with the above types of problems is given, since the eases selected for detailed
treatment here do not by any means exhaust the interesting problems which have been
solved.SUBDIVISION AWAVES SIMPLE HARMONIC IN THE TIMECHAPTER 3Simple
Harmonic Oscillations in Water of Constant Depth3.1.Standing wavesIn Chapter 2 we have
derived the basic theory of irrotational waves of small amplitude with the following results (in the
lowest order, that is). Assuming the x, z-plane to coincide with the free surface in its undisturbed
position, with the y-axis positive upward, the velocity potential Φ(x, y, z; t) satisfies the following
conditions:in the region bounded above by the plane y = 0 and elsewhere by any other given



boundary surfaces. The free surface condition under the assumption of zero pressure there
isThe condition at fixed boundary surfaces is that ∂Φ/∂n = 0; for water of uniform depth h =
const, we have therefore the conditionOnce the velocity potential Φ has been determined the
elevation η(x, z; t) of the free surface is given byConditions at ∞ as well as appropriate initial
conditions at t = 0 must also be prescribed.In this section we are interested in those special
types of standing waves which are simple harmonic in the time; we therefore write*with ϕ a real
function, and with the understanding that either the real or the imaginary part of the right hand
side is to be taken. The problems to be treated here thus belong to the theory of small
oscillations of dynamical systems in the neighborhood of an equilibrium position.The conditions
on Φ given above translate into the following conditions on ϕ:As conditions at ∞ we assume that
ϕ and ϕy are uniformly bounded.** Arbitrary initial conditions cannot now be prescribed, of
course, since we have assumed the behavior of our system to be simple harmonic in the time.
The free surface elevation is given byWe look first for standing wave motions which are two-
dimensional, so that ϕ depends only upon x and y: ϕ = ϕ(x, y), and also consider first the case
of water of infinite depth, i.e. h = ∞. One verifies readily that the functionsare harmonic functions
which satisfy the free surface condition (3.1.7) provided that the constant m satisfies the
relationIn addition, the conditions at ∞ are satisfied. In particular, it is of interest to observe that
the oscillations die out exponentially in the depth. The free surface elevation is then given byIt
should be pointed out specifically that our boundary problem, though it is linear and
homogeneous, has in addition to the solution ϕ ≡ 0 a two-parameter set of ‘non trivial” solutions
obtained by taking linear combinations of the two solutions given in (3.1.10).The surface waves
given by (3.1.10) are thus simple harmonic in x as well as in t. The relation (3.1.11) furthermore
states the very important fact that the wave length λ given byis not independent of the frequency
of the oscillation, but varies inversely as its square.The above discussion yields standing wave
solutions of physically reasonable type, but one nevertheless wonders whether there might not
be others—for example, standing waves which are not simple sine or cosine functions of x, but
rather waves with amplitudes which, for example, die out as x tends to infinity. Such waves do
not occur in two dimensions,* however, in the sense that all solutions for water of infinite depth,
except ϕ ≡ 0, of the homogeneous boundary problem formulated in (3.1.6) and (3.1.7) together
with the condition that ϕ and ϕy are uniformly bounded at ∞ are given by (3.1.10) with m
satisfying (3.1.11). This is a point worth pausing to prove, especially since the method of proof
foreshadows a mode of attack on our problems which will be used in a more essential way later
on. The first step in the uniqueness proof is to introduce the function ψ(x, y) defined bySince ϕ is
a harmonic function, obviously ψ is also a harmonic function. In addition, ψ vanishes for y = 0 on
account of its definition and (3.1.7). Hence ψ can be continued by reflection over the x-axis into
a potential function which is regular and defined as a singlevalued function in the entire x, y-
plane. Since ϕ and ϕy were assumed to be uniformly bounded in the entire lower half plane it
follows that ψ is bounded in the entire x, y-plane since reflection in the x-axis does not destroy
boundedness properties. Thus ψ is a potential function which is regular and bounded in the



entire x, y-plane. By Liouville’s theorem it is therefore a constant, and since ψ = 0 for y = 0, the
constant must be zero. Hence ψ vanishes identically. From (3.1.14) it therefore follows that any
solutions ϕ(x, y) of our boundary value problem are also solutions of the differential equationThe
most general solution of this differential equation is given bywith c(x) an arbitrary function of x
alone. However, ϕ(x, y) is a harmonic function and hence c(x) is a solution ofwhich, in turn, has
as its general solution the linear combinations of sin mx and cos mx. It follows, therefore, that the
standing wave solutions of our problem are indeed all of the form Aemy cos (mx + α),* with α
and A arbitrary constants fixing the “phase” and the amplitude of the wave, while m is a fixed
constant which determines the wave length λ in terms of the given frequency σ through
(3.1.13).In water of uniform finite depth h it is also quite easy to obtain two-dimensional standing
wave solutions of our boundary value problem. One has, corresponding to the solutions (3.1.10)
for water of infinite depth, the harmonic functionsas solutions which satisfy the boundary
condition at the bottom, while the free surface condition is satisfied provided that the constant m
satisfies the relationinstead of the relation (3.1.11), as one readily sees. Since tanh mh → 1 as h
→ ∞ it is clear that the relation (3.1.19) yields (3.1.11) as limit relation for water of infinite depth.
The uniqueness of the solutions (3.1.18) for the two-dimensional case under the condition of
boundedness at ∞ was first proved by A. Weinstein [W.7] by a method different from the method
used above for water of infinite depth which can not be employed in this case (see [B. 12]).It is of
interest to calculate the motion of the individual water particles. To this end let δx and δy
represent the displacements from the mean position (x, y) of a given particle. Our basic
assumptions mean that δx, δy and their derivatives are small quantities; it follows therefore that
we may writewithin the accuracy of our basic approximation. The constant A is an arbitrary factor
fixing the amplitude of the wave. Hence we have upon integrationThe motion of each particle
takes place in a straight line the direction of which varies from vertical under the wave crests
(cos mx = 1) to horizontal under the nodes (cos mx = 0). The motion also naturally becomes
purely horizontal on approaching the bottom y = — h. These consequences of the theory are
verified in practice, as indicated in Fig. 3.1.1, taken from a paper by Ruellan and Wallet (cf.
[R.12]). The photograph at the bottom makes the particle trajectories visible in a standing wave;
this is the final specimen in a series of photographs of particle trajectories for a range of cases
beginning with a pure progressing wave (cf. sec. 3.2), and continuing with superpositions of
progressing waves traveling in opposite directions and having the same wave length but not the
same amplitudes, finally ending with a standing wave when the wave amplitudes of the two
trains are equal.We proceed next to study the special class of three-dimensional standing waves
that are simple harmonic in the time, and which depend only on the distance r from the y-axis. In
other words, we seek standing waves having cylindrical symmetry. Again we seek solutions of
(3.1.6) which satisfy (3.1.7). Only the case of water of infinite depth will be treated here, and
hence (3.1.8) is replaced by the condition that the solutions be bounded at ∞ in the negative x-
direction as well as in the x- and x-directions. It is once more of interest to derive all possible
standing wave solutions which are everywhere regular and bounded at ∞ because of the fact



that the solutions in the present case behave quite differently from those obtained above for
motions that are independent of the z-coordinate. In particular, we shall see that all bounded
standing waves with cylindrical symmetry die out at ∞ like the inverse square root of the
distance, while in two dimensions we have seen that the assumption that the wave amplitude
dies out at ∞ leads to waves of zero amplitude everywhere.Fig. 3.1.1. Particle trajectories in
progressing and standing wavesIt is natural to make use of cylindrical coordinates in deriving
our uniqueness theorem. Thus we write (3.1.6) in the formwith r the distance from the y-axis. The
assumption that ϕ depends only upon r and y and not on the angle θ has already been used. For
our purposes it is useful to introduce a new independent variable replacing r by means of the
relationin terms of which (3.1.21) becomesThis equation holds, we observe, in the half-plane y <
0 of the y, -plane. The boundary condition to be satisfied at y = 0 is (cf. (3.1.7)):We wish to find all
regular solutions of (3.1.23) satisfying (3.1.24) for which ϕ and ϕy are bounded at ∞. To this end
we proceed along much the same lines as above (cf. (3.1.14) and the reasoning immediately
following it) for the case of two dimensions, and introduce the function ψ(, y) by the identitySince
ψ involves only a derivative of ϕ with respect to y and not with respect to it follows at once that
ψ is a solution of (3.1.23). Since ψ vanishes at y = 0 from (3.1.24) it follows easily that it can be
continued analytically into the upper half-plane y > 0 by setting ψ[, y) = — ψ(, —y) and that the
resulting function will be a solution of (3.1.23) in the entire , y-plane. The function ψ thus
obtained will be bounded in the entire plane, since it was bounded in the lower half plane by
virtue of the boundedness assumptions with respect to ϕ. A theorem of S. Bernstein now yields
the result that ψ is everywhere constant* if it is a uniformly bounded solution of (3.1.23) in the
entire , y-plane. Since ψ vanishes on the y-axis it follows that ψ vanishes identically.
Consequently we conclude from (3.1.25) that ϕ satisfies the relationThe most general function
ϕ(, y) satisfying this equation iswith g(r) an arbitrary function. But ϕ(r, y) is also a solution of
(3.1.21) and hence g(r) is a solution of the ordinary differential equationor, in other words, g(r) is
a Bessel function of order zero:Since we restricted ourselves to bounded solutions only it follows
that all solutions ϕ(r, y) of our problem are given bywith A an arbitrary constant. Upon
reintroduction of the time factor we have, therefore, as the only bounded velocity potentials the
functionsAs is well known, these functions behave for large values of r as follows:and thus they
die out like as stated above.In two dimensions we were able to find bounded standing waves of
arbitrary phase (in the space variable) at ∞. In the present case of circular waves we have found
bounded waves with only one phase at co. However, if we were to permit a logarithmic
singularity at the axis r = 0 and thus admit the singular Bessel function Y0(mr) as a solution of
(3.1.28), we would have as possible velocity potentials the functionswhich behave for large r as
follows:Admitting solutions with a logarithmic singularity on the y-axis thus leads to standing
waves which behave at ∞ in the same way as those which are everywhere bounded, except that
they differ by 90° in phase at ∞. Thus waves having an arbitrary phase at ∞ can be constructed,
but not without allowing a singularity. It has, however not been shown that (3.1.31) and (3.1.33)
yield all solutions with this property.3.2.Simple harmonic progressing wavesSince our boundary



problem is linear and homogeneous we can reintroduce the time factors cos σt and sin σt and
take appropriate linear combinations of the standing waves (3.1.5) to obtain simple harmonic
progressing wave solutions in water of uniform depth of the formwith m and σ satisfyingas
before.The wave, or phase, speed c is of course given byor, in terms of the wave length λ = 2π/m
byIt is useful to write the relation (3.2.2) in terms of the wave length λ = 2π/m and then expand
the function tanh mh in a power series to obtainWe see therefore thatand hence thatThis last
relation embodies the important fact that the wave speed becomes independent of the wave
length when the depth is small compared with the wave length, but varies as the square root of
the depth. This fact is in accord with what resulted in Chapter 2 upon linearizing the shallow
water theory (cf. (2.2.16)) and the sentence immediately following), which led to the linear wave
equation and to as the propagation speed for disturbances. We can gain at least a rough idea of
the limits of accuracy of the linear shallow water theory by comparing the values of c given by c2
= gh with those given by the exact formulafor various values of the ratio h/λ. One finds that c as
given by is in error by about 6 % if the wave length is ten times the depth and by less than 2 % if
the wave length is twenty times the depth. The error of course increases or decreases with
increase or decrease in h/λ.In water of infinite depth, on the other hand, we have already
observed (cf. (3.2.2)) thatActually, the error in c as computed by the formula c2 = gλ/2π is
already less than 1/2 % if h/λ > . One might therefore feel justified in concluding that variations in
the bottom elevation will have but slight effect on a progressing wave provided that they do not
result in depths which are less than half of the wave length, and observations seem to bear this
out. In other words, the wave would not “feel” the bottom until the depth becomes less than
about half a wave length.It is of interest to determine the paths of the individual water particles
as the result of the passage of a progressing wave. As in the preceding section we take δx and
δy to represent the displacements of a particle from its average position, and determine those
displacements from the equationssince Φ is given by (3.2.1) in the present case. Integration of
these equations yieldsso that the path of a particle at depth y is an ellipsewith semi-axes a and b
given byOn the bottom, y = — h, the ellipse degenerates into a horizontal straight line, as one
would expect. Both axes of the ellipse shorten with increase in the depth. For experimental
verification of these results, the discussion with reference to Fig. 3.1.1 should be consulted. In
water of infinite depth the particle paths would be circles, as one can readily verify. The fact that
the displacement of the particles dies out exponentially in the depth explains why a submarine
need only submerge a slight distance below the surface —a half wave length, say —in order to
remain practically unaffected even by severe storms.3.3.Energy transmission for simple
harmonic waves of small amplitudeIn Chapter 1 the general formulas for the energy E stored in a
fluid and its flux or rate of transfer F across given surfaces were derived for the most general
types of motion. In this section we apply these formulas to the special motions considered in the
present chapter, that is, under the assumption that the free surface conditions are linearized.
The formula for the energy E stored in a region R is (cf. (1.6.1)):while the flux of energy F in a
time T across a surface SG fixed in space is given by (cf. (1.6.5)):We suppose first that the



motion considered is the superposition of two standing waves which are simple harmonic in the
time, as follows :Insertion of this in (3.3.2) with T = 2π/σ, i.e. for a time interval equal to the period
of the oscillation, leads at once to the following expression for the energy flux F through SG:One
observes that the energy flux over a period is zero if either ϕ1 or ϕ2 vanishes, i.e. if the motion is
a standing wave: a fact which is not surprising since one expects an actual transport of energy
only if the motion has the character of a progressing wave. Still another fact can be verified from
(3.3.4) in our present cases, in which ϕ1 and ϕ2 are, as we know, harmonic functions: if SG is a
fixed closed surface in the fluid enclosing a region R Green’s formula states thatprovided that ϕ1
and ϕ2 have no singularities —sources or sinks for example—in R. In this case the energy flux F
clearly vanishes since ϕ1 and ϕ2 are harmonic. Also one sees by a similar reasoning that the
flux F over a period remains constant if SG is deformed without passing over singularities. In
particular, the energy flux through a vertical plane passing from the bottom to the free surface of
the water in a two-dimensional motion would be the same (per unit width of the plane) for all
positions of the plane provided that no singularities are passed over. This fact makes it possible,
if one wishes, to consider the energy in the fluid as though the energy itself were an
incompressible fluid, and to speak of its rate of flow.In the literature dealing with waves in all
sorts of media, but particularly in dispersive media, it is indeed commonly the custom to
introduce the notion of the velocity of the flow of energy accompanying a progressing wave, and
to bring this velocity in relation to the kinematic notion of the group velocity (to be discussed in
the next section). The author has found it difficult to reconcile himself to these discussions, and
feels that it would be better to discard the difficult concept of the velocity of transmission of
energy, since this notion is not of primary importance, and nothing can be accomplished by its
use which cannot be done just as well by using the well-founded and clear-cut concept of the
flux of energy through a given surface. On the other hand, the notion is used in the literature (and
probably will continue to be used) and consequently a discussion of it is included here, following
pretty much the derivation given by Rayleigh in an appendix to the first volume of his Sound
[R.4]. In the next section, where the notion of group velocity is introduced, some further
comments about the concept of the velocity of transmission of energy will be made.We consider
the energy flux per unit breadth across a vertical plane in the case of a simple harmonic
progressing wave in water of uniform depth (or, in view of the above remarks, across any surface
of unit breadth extending from the bottom to the free surface). The velocity potential Φ is given
by (cf. (3.2.1))and (3.3.2) yieldsfor the flux across a strip of unit breadth in the time T = 2π/σ, the
period of the oscillation. Hence the average flux per unit time is given bysince the average of
sin2 θ over a period is 1/2. We have also taken η = 0 in the upper limit of the integral in (3.3.6)
and thus neglected a term of higher order in the amplitude. It is useful to rewrite the formula
(3.3.7) in the following form through use of the relations σ2 = gm tanh mh and c = σ/m:with U a
quantity having the dimensions of a velocity and given by the relationNext we calculate the
average energy stored in the water as a result of the wave motion with respect to the length in
the direction of propagation of the wave. This is obtained from (3.3.1) by calculating first the



energy Eλ over a wave length λ = 2π/m at any arbitrary fixed time. In the present case we havein
which the constant E0 refers to the potential energy of the water of depth h when at rest. On
evaluating the integrals, and ignoring certain terms of higher order, we obtain for the energy
between two planes a wave length apart arising from the passage of the wave the expressionas
one finds without difficulty. Thus the average energy Eav in the fluid per unit length in the x-
direction which results from the motion is given byUpon comparison with equation (3.3.8) we
observe that Eav is exactly the coefficient of U in the formula (3.3.8) for the average energy flux
per unit time across a vertical plane. It therefore follows, assuming that no energy is created or
destroyed within the fluid itself, that the energy is transmitted in the direction of propagation of
the wave on the average with the velocity U. As we see from (3.3.9) the velocity U is not the
same as the phase or propagation velocity c; in fact, U is always less than c: for water of infinite
depth it has the value c/2 and it increases with decrease in depth, approaching the phase
velocity c as the depth approaches zero.3.4.Group velocity. DispersionIn any body of water the
motion of the water in general consists of a superposition of waves of various amplitudes and
wave lengths. For example, the motion of the water due to a disturbance over a restricted area of
the surface can be analyzed in terms of the superposition of infinitely many simple harmonic
wave trains of varying amplitude and wave length; such an analysis will in fact be carried out in
Chapter 6. However, we know from our previous discussion (cf. (3.2.7)) that the propagation
speed of a train of waves is an increasing function of the wave length —in other words, the wave
phenomena with which we are concerned arc subject to dispersion — and thus one might
expect that the waves would be sorted out as time goes on into various groups of waves such
that each group would consist of waves having about the same wave length. We wish to study
the properties of such groups of waves having approximately the same wave length.Suppose,
for example, that the motion can be described by the superposition of two progressing waves
given bywith δm and δσ considered to be small quantities. The superposition of the two wave
trains yieldswith m′ = m + δm/2, σ′ = σ + δσ/2. Since δm and δσ are small it follows that the
function B varies slowly in both x and t so that Φ is an amplitude-modulated sine curve at each
instant of time, as indicated schematically in Figure 3.4.1. In addition, the “groups” of waves thus
defined —in other words the configuration represented by the dashed curves of Figure 3.4.1.—
advance with the velocity δσ/δm in the x-direction. In our problem σ will in general be a
functionFig. 3.4.1. Wave groupsof m so that the velocity U of the group is given approximately by
dσ/dm, or, in terms of the wave length λ = 2π/m and wave velocity c = σ/m, byThe matter can
also be approached in the following way (cf. Sommerfeld [S.13]), which comes closer to the
more usual circumstances. Instead of considering the superposition of only two progressing
waves, consider rather the superposition, by means of an integral, of infinitely many waves with
amplitudes and wave lengths which vary over a small range:The quantity mx — at can be written
in the formFrom (3.4.4) one then findsin which the amplitude factor C is given byWe are
interested here in seeking out those places and times (if any) where the function C represents a
wave progressing with little change in form, since (3.4.6) will then furnish what we call a group of



waves. Since x and t occur only in the exponential term in (3.4.7), it follows that the values of
interest are those for which this term must be nearly constant, i.e. those for which (m — m0)x —
(σ — σ0)t const. It follows that the propagation speed of such a group is given by (σ — σ0)/(m —
m0), and if (m — m0) is small enough we obtain again the formula (3.4.3).Evidently, it is
important for this discussion of the notion of group velocity that the motion considered should
consist of a superposition of waves differing only slightly in frequency and amplitude. In practice,
the motions obtained in most cases —through use of the Fourier integral technique, for example,
— are the result of superposition of waves whose frequencies vary from zero to infinity and
whose amplitudes also vary widely. However, as we shall see in Chapter 6, it happens very
frequently that the motion at certain places and times is approximated with good accuracy by
integrals of the type given in (3.4.4) with ε arbitrarily small. (This is, indeed, the sense of the
principle of stationary phase, to be treated in Chapter 6.) In such cases, then, groups of waves
do exist and the discussion above is pertinent.In our problems the relation between wave speed
and wave length is ∏.iven by (3.2.2) and consequently the velocity U of a group is readily found,
from (3.4.3), to beWe observe that the group velocity has the same value as was given in the
preceding section for the average rate of propagation of energy in a uniform train of waves
having the same wave length as those of the group. In other words, the rate at which energy is
propagated is given by the group velocity and not the phase velocity. This is often considered as
the salient fact with respect to the notion of group velocity. As indicated already in the preceding
section, the author does not share this view, but feels rather that the kinematic concept of group
velocity is of primary significance, while the notion of velocity of propagation of energy might
better be discarded. It is true that the two velocities, in spite of the fact that one is derived from
dynamics while the other is of purely kinematic origin, turn out to be the same —not only in this
case, but in many others as well* —but it is also true that they are not always the same—for
example, the two velocities are not the same if there is dissipation of energy in the medium. In
addition, we have seen in the preceding section that the notion of velocity of energy can be
derived when no wave group exists at all—we in fact derived this velocity for the case of a wave
having but one harmonic component.In Chapter 6 we shall have occasion to see how
illuminating the kinematic concept of a group and its velocity can be in interpreting and
understanding the complicated unsteady wave motions which arise when local disturbances
propagate into still water.* The most general standing wave would be given by Φ = f(t)ϕ(x, y, z).
This means, of course, that the shape of the wave in space is fixed within a multiplying factor
depending only on the time. Thus nodes, maxima and minima, etc. occur at the same points
independent of the time.** This means that the vertical components of the displacement and
velocity are bounded at ∞. One could prescribe more general conditions at ∞ without impairing
the uniqueness of the solutions of our boundary value problems, but it does not seem worth
while to do so in this case.* This statement is not valid in three dimensions as we shall see later
on in this section.* It can now be seen that the negative sign in the free surface condition (3.1.7)
is decisive for our results: if this sign were reversed one would find that the solution ϕ analogous



to (3.1.16) would be bounded at ∞ only for c(x) ≡ 0, because (3.1.16) would now be replaced by
c(x)e–my, with m > 0.* What is needed is evidently a generalization of Liouville’s theorem to the
elliptic equation (3.1.23) which has a variable coefficient. The theorem of Bernstein referred to is
much more general than is required for this special purpose, but it is also not entirely easy to
prove (cf. E. Hopf [H.17] for a proof of it).* A general analysis of the reason for this has been
given by Broer [B.18].CHAPTER 4Waves Maintained by Simple Harmonic Surface Pressure in
Water of Uniform Depth. Forced Oscillations4.1.IntroductionIn our previous discussions we have
considered always that the pressure at the free surface was constant (usually zero) in both
space and time. In other words, only the free oscillations were treated and the problems were,
correspondingly, linear and homogeneous boun- ary value problems. Here we wish to consider
two problems in which the surface pressure p0 is simple harmonic in the time and the resulting
motions are thus forced oscillations; the problems then also have a nonhomogeneous boundary
condition. In the first such problem we assume that the motion is two-dimensional and that the
surface pressure is a periodic function of the space coordinate x over the entire x-axis; in the
second problem the surface pressure is assumed to be zero except over a segment of finite
length of the x-axis. In these problems the depth of the water is assumed to be everywhere
infinite, but the corresponding problems in water of constant finite depth can be, and have been,
solved by much the same methods.The formulation of the first two problems is as follows. A
velocity potential Φ(x, y; t) is to be determined which is simple harmonic in the time t and
satisfiesThe surface pressure p(x; t) is given byand the boundary conditions at the free surface
are the dynamical condition (cf. (2.1.20)1)and the kinematic conditionThe last condition means
that no kinematic constraint is imposed on the surface —it can deform freely subject to the given
pressure distribution. In addition, we require that Φt and Φy should be uniformly bounded at ∞.
This means effectively that the vertical displacement and vertical velocity components are
bounded. In section 4.3, the amplitude (x) of the surface pressure p will have discontinuities at
two points and we shall impose appropriate conditions on Φ at these points when we consider
this case.We seek the most general simple harmonic solutions of our problem; they have the
formThe functions ψ and ψ are of course harmonic in the lower half plane. The conditions
(4.1.2), (4.1.3), and (4.1.4) are easily seen to yield for the function ϕ the boundary conditionwith
the constant m defined bywhile for ψ they yield the conditionThe phase sin σt assumed for p in
(4.1.2) has the effect that ψ satisfies the homogeneous free surface condition, as one sees.We
know from the first section of the preceding chapter that the only bounded and regular harmonic
functions ψ which satisfy the condition (4.1.8) are given byIn the next two sections we shall
determine the function ϕ(x, y), i.e. that part of Φ which has the phase cos σt, in accordance with
two different choices for the amplitude (x) of the surface pressure p.4.2.The surface pressure is
periodic for all values of xWe consider now the case in which the surface pressure is periodic in
x such that (x) in (4.1.2) and (4.1.6) is given byOne verifies at once that the following function
ϕ(x, y):is a harmonic function which satisfies the free surface boundary condition (4.1.6)
imposed in the present case. Since the difference χ of two solutions ϕ1 ϕ2 both satisfying all of



our conditions would satisfy the homogeneous boundary condition χy — mχ = 0, it follows that
all solutions ϕ of our boundary value problem can be obtained by adding to the special solution
given by (4.2.2) any solution of the homogeneous problem, and these latter solutions are the
functions ψ given by (4.1.9) since χ satisfies the same conditions as ψ. Therefore the most
general simple harmonic solutions of the type (4.1.5) are given in the present case bywith A and
B constants which are at our disposal. In other words, the resulting motions are, as usual in
linear vibrating systems, a linear combination of the forced oscillation and the free oscillations.
These solutions—without the uniqueness proof—seem to have been given first by Lamb
[L.2].We observe that the case λ = m must be excluded, and that if λ is near to m large
amplitudes of the surface waves are to be expected. This means physically, as one sees
immediately, that waves of large amplitude are created if the periodic surface pressure
distribution has nearly the wave length which belongs to a surface wave of the same frequency
for pressure zero at the surface—that is, the wave length of the corresponding free oscillation.If
instead of (4.1.2) we take the surface pressure as a progressing wave of the formit is readily
found that progressing surface waves result which are given byTo this one may, of course, add
any of the wave solutions which occur under zero surface pressure. Again one observes an odd
kind of “resonance” phenomenon: large amplitudes are conditioned by the wave length in space
of the applied pressure once the frequency has been fixed.4.3.The variable surface pressure is
confined to a segment of the surfaceIn this section we consider the case in which the surface
pressure pwith P a constant. Some of the motions which can arise under such circumstances
are discussed by Lamb [L.2] in the paper quoted above. However, here as elsewhere, Lamb
assumes fictitious damping forces* in order to be rid of the free oscillations and thus achieve a
unique solution, and he also makes use of the Fourier integral technique which we prefer to
replace by a different procedure. In fact, the present problem is a key problem for this Part II and
a peg upon which a variety of observations important for other discussions in later chapters will
be hung. As we shall see, the present problem is also decidedly interesting for its own sake,
although Lamb strangely enough made no attempt in his paper to point out the really striking
results.In addition to prescribing the pressure p through (4.3.1) it is necessary to add to the
conditions imposed in section 4.1 appropriate conditions at the points (± a, 0) where p has
discontinuities. In view of (4.1.3) it is clear that a finite discontinuity in Φt or η or both must be
admitted and it seems also likely that the derivatives Φx and Φy of Φ would be unbounded near
these points. We shall make the following requirementsin a neighborhood of the points (± a, 0)
with the distance from these points. This means, in particular, that the surface elevation is
bounded near these points and that the singularity admitted is not as strong as that of a source
or sink. We recall that Φt and Φy were required to be uniformly bounded at ∞.The stipulations
made so far do not ensure the uniqueness of the solution Φ of our problem any more than
similar conditions ensured uniqueness of the solution of the problem treated in the preceding
section. However, we have in mind now a physical situation in which we expect the solution to be
unique: We imagine the motion resulting from the applied surface pressure p given by (4.3.1) to



be the limit approached after a long time subsequent to the application of p to the water when
initially at rest. Under these circumstances one feels instinctively that the motion of the water far
away from the source of the disturbance should have the character of a progressing wave
moving away from the source of the disturbance, since at no time is there any reason why waves
should initiate at infinity. (We shall show (cf. (6.7)) that the motion of the water arising from such
initial conditions actually does approach, as the time increases without limit, the motion to be
obtained here.) Consequently we add to our conditions on Φ the condition—often called the
Sommerfeld condition in problems concerning electromagnetic wave propagation—that the
waves should behave at ∞ like progressing waves moving away from the source of the
disturbance. As we shall see, this qualitative condition leads to a unique solution of our
problem.In solving our problem there are some advantages to be gained by not stipulating at the
outset that the Sommerfeld condition should be satisfied, but to obtain first all possible solutions
of the form (4.1.5) , and only afterwards impose the condition. We have therefore to find the
harmonic functions ψ which satisfy the condition (cf. (4.1.6) and (4.3.1))withon the free surface,
and the boundedness conditions which follow from those imposed on Φ:The functions ψ in
(4.1.5), i.e. those which yield the waves of phase sin σt in Φ, satisfy the same conditions as in
section 4.1 and are therefore given by (4.1.9). We have therefore only to determine the functions
ϕ. To this end it is convenient to introduce new dimensionless quantitiestogether with c1 = c/m
so that the free surface condition (4.3.3) takes the formIn what follows we use the condition in
this form but drop the subscripts for the sake of convenience.In most of the two-dimensional
problems treated in the remainder of Part II we make use of the fact that any harmonic function
ϕ(x, y) can be taken as the real part of an analytic function f(z) of the complex variable z = x + iy
and writeIn our present problem f(z) is defined and analytic in the lower half plane. To express
the surface condition (4.3.7) in terms of f(z) we writein which the symbol means that the real
part of what follows is to be taken. Consequently the free surface condition has the form:We now
introduce a new analytic function F(z) by the equation*and seek to determine Ffz) uniquely
through the conditions imposed on ϕ = f(z). We observe to begin with that F(z) satisfies the
conditionin view of (4.3.9). We show now that F(z) is uniquely determined within an additive pure
imaginary constant, as follows: Suppose that G(z) = F1(z) — F2(z) is the difference of two
functions F(z) satisfying the conditions resulting from (4.3.10) through those on f(z). Then G(z)
would vanish on the entire real axis, except possibly at x = ± a, as one sees from (4.3.11).
Hence G(z) is a potential function which can be continued analytically by reflection over the real
axis into the entire upper half plane; it will then be defined and single-valued in the whole plane
except for the points (± a, 0). At ∞, G(z) is bounded in the lower half plane, while G(z) = O(–
1+ε), ε > 0, at x — ± a in view of the regularity conditions and the definition of G(z). These
boundedness properties are evidently preserved in the analytic continuation into the upper half
plane. Consequently G(z) has a removable singularity at the points x = ± a on the real axis since
the singularity is weaker than a pole of first order and the function is single-valued in the
neighborhood of these points. Thus G(z) is a potential function which is regular and bounded in



the entire plane, and is zero on the real axis; by Liouville’s theorem it is therefore zero
everywhere. Consequently the analytic function G(z) is a pure imaginary constant, and the result
we want is obtained. On the other hand it is rather easy to find a function F(z) which has the
prescribed properties —for example by first finding its real part from (4.3.11) through use of the
Poisson integral formula. We simply give it:one verifies readily that it has all of the required
properties. We take that branch of the logarithm which is real for (z — a)/(z + a) real and
positive.Once F(z) has been uniquely determined, the complex velocity potential f(z) is restricted
to the solutions of the first order ordinary differential equation (4.3.10), which means that the
solutions depend only on the arbitrary constant which multiplies the non-vanishing solution e—iz
of the homogeneous equation if(z) — f = 0. But (A + iB)e–iz = ey(A cos x + B sin x) and these are
the standing wave solutions for the case of surface pressure p = 0. The most general solution of
(4.3.10), with F(z) given by (4.3.12), can be written, as one can readily verify, in the formwith the
initial point z0 and the path of integration any arbitrary path in the slit plane. Changing z0
obviously would have the effect of changing the additive solution of the homogeneous equation.
It is convenient to replace (4.3.13) by the following expression, obtained through an integration
by parts:and at the same time to fix the path of integration as indicated in Figure 4.3.1. This path
comes from ∞ along the positive imaginary axis and encircles the origin, leaving it and the point
(—a, 0) to the left. Use has been made of the fact that log (z — a)/(z + a) → 0 when z → ∞; we
observe also that the integrals converge on account of the exponential factor.Fig. 4.3.1a,b. Path
of integration in t-planeThat ϕ(x, y) = f(z) as given through (4.3.14) satisfies the boundary
conditions imposed at the free surface and the regularity condition at the points (± a, 0) is easy
to verify. We proceed to discuss the behavior of f(z) at ∞ (always for z in the lower half plane).
For this purpose it suffices to discuss the integralsbehaves like 1/z at ∞ (as one readily sees). To
this end we integrate once by parts to obtainWe suppose that the curved part of the path of
integration in Figure 4.3.1a is an arc of a circle. It follows at once that the complex number t — z
has a positive imaginary part on the path of integration as long as the real part of 2 is negative,
and hence we haveConsequently I(z) behaves like 1/z at infinity when the real part of z is
negative, and f(z) likewise. The situation is different, however, if the real part of z is positive. To
study this case, we add and subtract circular arcs, as indicated in Figure 4.3.1b, in order to have
an integral over the entire circle enclosing the singularities at ± a as well as over a path
symmetrical to the path in Figure 4.3.1a. By the same argument as above, the contribution of the
integral over the latter path behaves like 1/z at 00, and hence the nonvanishing contribution
arises as a sum of residues at the points ± a. These contributions to I(z) are at once seen to
have the values Thus we may describe the behavior of f(z) as given by (4.3.14) at ∞ as
follows:From (4.3.10) and (4.3.12) one sees that f′(z) has the same behavior at ∞ as f(z), except
for a factor — i. Hence f(z), and with it ϕ(x, y) = f(z), has the postulated behavior at ∞. It is
convenient to write down explicitly the behavior of ϕ(x, y) at ∞:It follows that all simple harmonic
solutions of our problem are given by linear combinations of
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